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Abstract. The object of this paper is to study the properties of flat spacetimes under some con-
ditions regarding the W2-curvature tensor. In the first section, several results are obtained on
the geometrical symmetries of this curvature tensor. It is shown that in a spacetime with W2-
curvature tensor filled with a perfect fluid, the energy momentum tensor satisfying the Einstein’s
equations with a cosmological constant is a quadratic conformal Killing tensor. It is also proved
that a necessary and sufficient condition for the energy momentum tensor to be a quadratic Killing
tensor is that the scalar curvature of this space must be constant. In a radiative perfect fluid, it is
shown that the sectional curvature is constant.
2000 Mathematics Subject Classification: 53C15; 53C25; 53B15; 53B20
Keywords: W2-curvature tensor, flat spacetimes, Killing vector, quadratic Killing tensor, quad-
ratic conformal Killing tensor
1. INTRODUCTION
In 1970, Pokhariyal and Mishra, [9] introduced a new curvature tensor in an n-
dimensional manifold .M;g/ denoted by W2 and defined by
W2.X;Y;Z;U /DR.X;Y;Z;U /C 1
n 1.g.X;Z/S.Y;U / g.Y;Z/S.X;U //:
(1.1)
Some authors have studied the W2-curvature tensor on some special manifolds
before, [3, 5, 8, 16].
A non-flat n-dimensional Riemannian manifold .M;g/ is called generalized recur-
rent Riemannian manifold [4] if its curvature tensor satisfies the condition
rRD A˝RCB˝G (1.2)
where A and B non-zero 1-forms. ˝ is the tensor product, r denotes the Levi-Civita
connection, and G is a tensor type (0,4) given by
G.X;Y;Z;U /D g.X;U /g.Y;Z/ g.X;Z/g.Y;U / (1.3)
c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for all X;Y;Z;U 2 .M/, where .M/ is the Lie algebra of smooth vector fields on
M . This manifold is denoted by .GKn/. These manifolds have been studied by some
authors before, [1, 2, 10, 11], etc.
In this paper, the properties of a W2-flat spacetime are studied. Some theorems on
the W2 curvature tensor are proved.
2. SOME PROPERTIES OF W2-CURVATURE TENSOR
Definition 1. Let .M;g/ be a manifold with Levi-Civita connection r. A quad-
ratic Killing tensor is a generalization of a Killing vector and is defined as a second
order symmetric tensor A satisfying the condition [13, 15]
.rXA/.Y;Z/C .rYA/.Z;X/C .rZA/.X;Y /D 0 (2.1)
Definition 2. Let .M;g/ be a manifold with Levi-Civita connection r. A quad-
ratic conformal Killing tensor is an analogous generalization of a conformal Killing
vector and is defined as a second order symmetric tensor A satisfying the condition
[13, 15]
.rXA/.Y;Z/C .rYA/.Z;X/C .rZA/.X;Y /D
k.X/g.Y;Z/Ck.Y /g.Z;X/Ck.Z/g.X;Y /: (2.2)
Now, we have the following theorems:
Theorem 1. If the Ricci tensor ofM admittingW2-curvature tensor is a quadratic
conformal Killing tensor then QW2.Y;Z/ (which is type of (0,2)) is also quadratic
conformal Killing tensor.
Proof. By (1.1) we have
QW2.Y;Z/D n
n 1.S.Y;Z/ 
r
n
g.Y;Z// (2.3)
where S.Y;Z/ and r are the Ricci tensor and the scalar curvature ofM , respectively.
If we take the covariant derivative of (2.3), we find
.rX QW2/.Y;Z/D n
n 1.rXS/.Y;Z/ 
1
n 1.rXr/g.Y;Z/ (2.4)
Permutating the indicesX;Y;Z cyclically in (2.4) and adding the three equations, we
get
.rX QW2/.Y;Z/C .rY QW2/.Z;X/C .rZ QW2/.X;Y /
D n
n 1..rXS/.Y;Z/C .rY S/.Z;X/C .rZS/.X;Y //
  1
n 1..rXr/g.Y;Z/C .rY r/g.Z;X/C .rZr/g.X;Y //:
(2.5)
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If we assume that the Ricci tensor ofM is a quadratic conformal Killing tensor, from
(2.2) and (2.5), we obtain that
.rX QW2/.Y;Z/C .rY QW2/.Z;X/C .rZ QW2/.X;Y /
D . n
n 1a.X/ 
1
n 1.rXr//g.Y;Z/
C. n
n 1a.Y / 
1
n 1.rY r//g.Z;X/
C. n
n 1a.Z/ 
1
n 1.rZr//g.X;Y /:
(2.6)
By taking n
n 1a.X/  1n 1.rXr/D ˛.X/, it can be seen that
.rX QW2/.Y;Z/C .rY QW2/.Z;X/C .rZ QW2/.X;Y /
D ˛.X/g.Y;Z/C˛.Y /g.Z;X/C˛.Z/g.X;Y /:
This relation completes the proof. 
Theorem 2. Let the Ricci tensor ofM admitting aW2-curvature tensor be a quad-
ratic Killing tensor. A necessary and sufficient condition for QW2.X;Y / to be a quad-
ratic Killing tensor is that the scalar curvature of M be constant.
Proof. Let us consider that the Ricci tensor of M is a quadratic Killing tensor.
From equations (2.1) and (2.5), we have
.rX QW2/.Y;Z/C .rY QW2/.Z;X/C .rZ QW2/.X;Y /
  1
n 1..rXr/g.Y;Z/C .rY r/g.Z;X/C .rZr/g.X;Y //:
(2.7)
If QW2.X;Y / is a quadratic Killing tensor then we get
.rXr/g.Y;Z/C .rY r/g.Z;X/C .rZr/g.X;Y /D 0 (2.8)
Walker’s Lemma,[14] states the following. If a.X;Y / and b.X/ are numbers that
satisfy a.X;Y /D a.Y;X/ and
a.X;Y /b.Z/Ca.Y;Z/b.X/Ca.Z;X/b.Y /D 0 (2.9)
for allX;Y;Z, then either all the a.X;Y / are zero or all the b.X/ are zero. Hence, by
the above Lemma, we get from (2.8) and (2.9) that either g.X;Y /D 0 or .rXr/D 0.
As g.X;Y /¤ 0, we get .rXr/D 0, i.e., the scalar curvature of M is constant. Con-
versely, if the scalar curvature is constant, then, from (2.7), QW2.X;Y / is a quadratic
Killing tensor. Thus, the proof is completed. 
The geometrical symmetries of a Riemannian manifold are expressed through the
equation
LA 2˝AD 0 (2.10)
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where A represents a geometrical/physical quantity L , denotes the Lie derivative
with respect to the vector field  and ˝ is a scalar, [7].
One of the most simple and widely used example is the metric inheritance sym-
metry for which A D g in (2.10); in this case,  is the Killing vector field if ˝ is
zero,i.e.,
.Lg/.X;Y /D 2˝g.X;Y / (2.11)
A Riemannian manifold M is said to admit a symmetry called a curvature collin-
eation (CC) provided there exists a vector field  such that
.LR/.X;Y /Z D 0 (2.12)
where R.X;Y /Z is the Riemannian curvature tensor, [6].
Now, we shall investigate the role of such symmetry inheritance for theW2-curvature
tensor of a Riemannian manifold.
Theorem 3. If a Riemannian manifold M admitting W2-curvature tensor with a
Killing vector  is a (CC) then the Lie derivative of the W2-curvature tensor is zero.
Proof. If  is a Killing vector of M then we have
.Lg/.X;Y /D 0 (2.13)
Since M admits a (CC) then we have also from (2.12)
.LS/.X;Y /D 0 (2.14)
By taking the Lie derivative of (1.1) and using (2.12)-(2.14), we obtain
.LW /.X;Y /Z D 0
The proof is completed. 
Theorem 4. If a Riemannian manifold M admitting W2-curvature tensor with a
conformal Killing vector  has a symmetry inheritance then the W2-curvature tensor
has also symmetry inheritance property.
Proof. Let us assume that  of M is a conformal Killing vector and M has a
symmetry inheritance. By taking the Lie derivative of (1.1) and using the equations
(2.10) and (2.11), we find
.LW /.X;Y;Z;U /D 2˝R.X;Y;Z;U /
C 2˝
n 1.g.X;Z/S.Y;U / g.Y;Z/S.X;U //
D 2˝W.X;Y;Z;U /:
The proof is completed. 
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3. W2-FLAT SPACETIMES
Theorem. [12] A W2-flat space is an Einstein space, i.e,
S.X;Y /D r
n
g.X;Y / (3.1)
We denote the W2 flat spacetime as .W2FS/n and we consider that our space is a
perfect fluid. In local coordinates, a perfect fluid is a spacetime .M;g/ satisfying the
Einstein equations
Sij   r
2
gij Cgij D kTij (3.2)
where Sij and r denote the Ricci tensor and the scalar curvature, respectively.  is
the cosmological constant and Tij is the energy-momentum tensor. We can state the
following theorem:
Theorem 5. For a .W2FS/4, the energy-momentum tensor satisfying the Ein-
stein’s equations with a cosmological constant is locally symmetric.
Proof. In a .W2FS/4, by (3.1), we have
Sij D r
4
gij (3.3)
and then we get from (3.2) and (3.3)
Tij D 1
k
.  r
4
/gij (3.4)
By taking the covariant derivative of (3.4), we get
rkTij D  1
4k
.rkr/gij : (3.5)
Since r is constant in .W2FS/4,
rkr D 0 (3.6)
then (3.5) reduces to
rkTij D 0: (3.7)
This completes the proof. 
Theorem 6. For a .W2S/4, whose the Ricci tensor is quadratic Killing, a neces-
sary and sufficient condition the energy-momentum tensor satisfying the Einstein’s
equations with a cosmological constant be a quadratic Killing tensor is that the
scalar curvature of this space must be constant.
Proof. If Tij and Rij are quadratic Killing tensors, (3.5) reduces to
.rkr/gij C .rir/gjkC .rj r/gki D 0 (3.8)
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By Walker’s Lemma,[14], from (2.9) we getrkr D 0. Thus we can say that the scalar
curvature of this space is constant. Conversely, if r is constant, from (3.5), it can be
obtained that
rkTij CriTjkCrjTki D 0
Thus, the proof is completed. 
Now, we consider that a radiative perfect fluid in .W2S/4. Thus, we have
Tij D aiaj ; aiai D 1 (3.9)
In this case, by taking the covariant derivative of (3.9), we find
rkTij D .rk/aiaj C..rkai /aj C .rkaj /ai / (3.10)
Multiplying (3.9) by gij , we get
T D  (3.11)
By taking the covariant derivative of (3.11), it can be found that
rkT D rk (3.12)
Now, we can state the following theorem:
Theorem 7. For a radiative perfect fluid in .W2S/4, if the energy-momentum
tensor satisfying the Einstein’s equations with a cosmological constant is generalized
recurrent then the integral curves of the vector field ai are geodesics.
Proof. For a radiative perfect fluid in .W2S/4, if Tij is generalized recurrent then
from (1.2)
rkTij D kTij Cˇkgij (3.13)
and
rkT D kT C4ˇk (3.14)
Moreover, by (3.12) and (3.14), we get
rk D k  4ˇk (3.15)
Putting equations (3.13) and (3.15) in (3.10), we have the following relation
kTij Cˇkgij D .k  4ˇk/aiaj C..rkai /aj C .rkaj /ai / (3.16)
By (3.9), (3.16) takes the form
kaiaj Cˇkgij D kaiaj  4ˇkaiaj C..rkai /aj C .rkaj /ai / (3.17)
Multiplying (3.17) by gij and using (3.9), we obtain
2ai .rkai /D 0 (3.18)
Since, in a radiative perfect fluid,  ¤ 0 then from (3.18), we finally get
ai .rkai /D 0 (3.19)
From (3.19), we can say that the integral curves of the vector field ai are geodesics.
In this case, the proof is completed. 
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Now, by using the above theorem, we can state the following:
Theorem 8. For a radiative perfect fluid in .W2FS/4, the sectional curvature is
constant.
Proof. For a radiative perfect fluid in .W2FS/4, the scalar curvature of this space
is constant. Thus, we can say that for a radiative perfect fluid in .W2FS/4, the scalar
curvature of this space is constant.
The sectional curvature of a Riemannian manifold M is in the form
K./D RhijkX
hY iXjY k
.gijghk  gikghj /XhY iXjY k
: (3.20)
By (1.1), if M is a W2 flat manifold then we have
Rijkh D 1
n 1.gjkSih gikSjh/: (3.21)
Thus, multiplying (3.21) by gih and using (3.21) again, we get
Rijkh D r
n.n 1/.gjkgih gikgjh/: (3.22)
Finally, from (3.20) and (3.22), it can be seen that
K./D r
n.n 1/ : (3.23)

REFERENCES
[1] K. Arslan, U. C. De, C. Murathan, and A. Yildiz, “On generalized recurrent riemannian mani-
folds,” Acta Math. Hungar., vol. 123, no. 1-2, pp. 27–39, 2009.
[2] U. C. De and A. Kalam Gazi, “On generalized concircularly recurrent manifolds,” Studia Sci.
Math. Hungar., vol. 46, no. 2, pp. 287–296, 2009.
[3] U. C. De and A. Sarkar, “On a type of P-Sasakian manifolds,” Math. Rep. (Bucur.), vol. 11(61),
no. 2, pp. 139–144, 2009.
[4] R. S. D. Dubey, “Generalized recurrent spaces,” Indian J. Pure Appl. Math., vol. 10, no. 2, pp.
1508–1513, 1979.
[5] M. K. Dwivedi, “A study of w2-curvature tensor of N(k)-quasi Einstein manifold,” S-JPSET,
vol. 1, no. 1, pp. 1–3, 2010.
[6] L. P. Eisenhart, Riemannian geometry. London: Princeton Univ. Press, 1969.
[7] G. H. Katzin, J. Levine, and W. R. Davis, “Curvature collineations: A fundamental symmetry
property of the space-times of general relativity defined by the vanishing Lie derivative of the
Riemann curvature tensor,” J. Mathematical Phys., vol. 10, pp. 617–629, 1969.
[8] G. P. Pokhariyal, “Curvature tensors on a-Einstein Sasakian manifolds,” Balkan J. Geom. Appl.,
vol. 6, no. 1, pp. 45–50, 2001.
[9] G. P. Pokhariyal and R. S. Mishra, “Curvature tensors’ and their relativistics significance,” Yoko-
hama Math. J., vol. 18, pp. 105–108, 1970.
[10] A. A. Shaikh and A. Patra, “On a generalized class of recurrent manifolds,” Arch. Math. (Brno),
vol. 46, no. 1, pp. 71–78, 2010.
296 FU¨SUN O¨ZEN ZENGIN
[11] H. Singh and Q. Khan, “On generalized recurrent Riemannian manifolds,” Publ. Math. Debrecen,
vol. 56, no. 1-2, pp. 87–95, 2000.
[12] D. Tarafdar and U. C. De, “W2-curvature tensor and relativistic gravitation,” Bull. Calcutta Math.
Soc., vol. 85, no. 6, pp. 557–558, 1993.
[13] R. M. Wald, General relativity. Chicago, IL: University of Chicago Press, 1984.
[14] A. G. Walker, “On Ruse’s spaces of recurrent curvature,” Proc. London Math. Soc. (2), vol. 52,
pp. 36–64, 1950.
[15] M. Walker and R. Penrose, “On quadratic first integrals of the geodesic equations for type f22g
spacetimes,” Comm. Math. Phys., vol. 18, pp. 265–274, 1970.
[16] A. Yı´ldı´z and U. C. De, “On a type of Kenmotsu manifolds,” Differ. Geom. Dyn. Syst., vol. 12, pp.
289–298, 2010.
Author’s address
Fu¨sun O¨zen Zengin
Istanbul Technical University, Department of Mathematics, Maslak, 34469 Istanbul, TURKEY
E-mail address: fozen@itu.edu.tr
